Abstract. We show that certain iteration systems lead to fractal measures admitting an exact orthogonal harmonic analysis.
. These results support the view that certain speci c classes of spectra correspond to certain corresponding classes of tiling sets. This is further con rmed by some results in JP97a], where we show that every periodic spectrum for the cube = 0; 1] d is also a tiling set for the cube, and conversely that any periodic tiling set for the cube is a spectrum for the cube. Very recently the periodicity hypothesis in the cube result has been removed IP98], LRW98].
The results mentioned in the following will be established in a series of papers by the co-authors; the rst two papers in this series are JP97a] and JP97b].
2. Pairs of measures 2.1. New pairs from old pairs. While studying the problems described in Section 1 it turned out to be necessary to study spectral pairs in more general situations. For these reasons we introduced in JP97a] the following more general formulation. Let and be Borel measures on R d . We say that ( ; ) is a spectral pair if the map
de ned for f 2 L 1 \ L 2 ( ), extends by continuity to an isometric isomorphism mapping L 2 ( ) onto L 2 ( ). It was shown in Ped87] that if is the restriction of Lebesgue measure to a connected open set of in nite measure, then the connection to commuting self-adjoint extensions of the directional derivatives described in Section 1 remains valid. One of the nice features of the more general de nition of a spectral pair is that if ( ; ) is a spectral pair, then so is ( ; ).
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Recall that the convolution := 1 2 of Borel measures j on R d is given by
We will call a convolution 1 2 non-overlapping if the map f(x 1 ; x 2 ) := g(x 1 +x 2 )
determines an isometric isomorphism g ! f mapping L 2 ( 1 2 ) onto L 2 ( 1 2 ).
The following result allows us to construct a large class of spectral pairs. f(x + t) = c for almost every x 2 R. It follows from Local Translation Invariance that for such a function to come from a spectral pair it must be a multiple of the characteristic function of some set. In particular, a natural but naive generalization of the Spectral Set Conjecture to the setting of KL96] is false.
The following result establishes a direct connection to the spectral pairs discussed in Section 1. corresponding to the system of l 's will be used below. 
The following result allows us to compute an operator norm bound for C in terms of the data (R; B; L) in a fairly straightforward manner. In fact (4.1) implies (3.2) since R n b l = Rb R (n?1) l for n = 1; 2; 3; : : :. The only condition that is hard to satisfy is (3.3). This condition is notoriously di cult to study; for example, it is not known which matrices with entries in the unit circle satisfy (3.3) for N = 7; see e.g. Haa95] , BS95] for some progress in the study of (3.3). The condition (4.1) is closely related to a condition used in the study of certain multi-dimensional wavelets. Some properties of systems (R; B; L) satisfying This is an example of a spectral set of in nite measure whose spectrum is not periodic. This takes us full circle ending up in a situation discussed in Section 1.
